Quantum metrology via chaos in a driven Bose-Josephson system by Liu, Wenjie et al.
ar
X
iv
:2
00
7.
06
21
0v
1 
 [q
ua
nt-
ph
]  
13
 Ju
l 2
02
0
Quantum metrology via chaos in a driven Bose-Josephson system
Wenjie Liu1,2, Min Zhuang1,2, Bo Zhu1, Jiahao Huang1,∗ and Chaohong Lee1,2,3†
1Guangdong Provincial Key Laboratory of Quantum Metrology and Sensing & School of Physics and Astronomy,
Sun Yat-Sen University (Zhuhai Campus), Zhuhai 519082, China
2State Key Laboratory of Optoelectronic Materials and Technologies,
Sun Yat-Sen University (Guangzhou Campus), Guangzhou 510275, China and
3Synergetic Innovation Center for Quantum Effects and Applications,
Hunan Normal University, Changsha 410081, China
(Dated: July 14, 2020)
Entanglement preparation and signal accumulation are essential for quantum parameter estima-
tion, which pose significant challenges to both theories and experiments. Here, we propose how
to utilize chaotic dynamics in a periodically driven Bose-Josephson system for achieving a high-
precision measurement beyond the standard quantum limit (SQL). Starting from an initial non-
entangled state, the chaotic dynamics generates quantum entanglement and simultaneously encodes
the parameter to be estimated. By using suitable chaotic dynamics, the ultimate measurement
precision of the estimated parameter can beat the SQL. The sub-SQL measurement precision scal-
ing can also be obtained via specific observables, such as population measurements, which can be
realized with state-of-art techniques. Our study not only provides new insights for understand-
ing quantum chaos and quantum-classical correspondence, but also is of promising applications in
entanglement-enhanced quantum metrology.
I. INTRODUCTION
Quantum metrology promises high-precision measure-
ments for various parameters with far reaching implica-
tions for science and technology [1–3]. In general, the
standard procedure of parameter estimation consists of
three stages: initialization, parameter-dependent time-
evolution, and measurement [4]. In traditional proto-
cols, for separable initial states [5–7], i.e., non-entangled
states, the related measurement precision scales as the
SQL, which is inversely proportional to the square root of
particle number
√
N . While for entangled initial states,
e.g., Greenberger-Horne-Zeilinger (GHZ) state [8–10] or
NOON state [11–13], the measurement precision can be
improved to the well-known Heisenberg limit (HL), which
is inversely proportional to N .
Thus, in the long-standing quest for achieving high-
precision measurement, a key goal as well as a main chal-
lenge is to prepare the entangled states and make use of
the entanglement to improve measurement precision. On
one hand, entangled states often require a lot of time to
generate which makes it hard to prepare [14–17]. On the
other hand, the entangled states are extremely fragile un-
der the environmental noises, which inevitably decreases
the measurement precision [18–20].
Recently, to fully utilize the temporal resources,
schemes on concurrent entanglement generation and in-
terrogation are proposed [21, 22]. Different from the tra-
ditional protocols where interrogation takes place after
state-preparation, the concurrent state-preparation and
interrogation devote all the time for parameter-encoding,
which yields better measurement precision under the
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same temporal resource [21]. In particular, by combining
the conventional one-axis twisting (OAT) dynamics with
a machined-designed sequence of rotations, a higher sen-
sitivity of estimated parameter can be achieved compared
with traditional schemes [22].
Classical chaos, a well-defined property in nonlinear
dynamical systems, is generally characterized by expo-
nential instability due to sensitivity to initial condi-
tions [23–26]. On the other hand, entanglement is a
unique property of quantum systems [27]. Up to now,
numerous works aim to find out the connections between
chaos and entanglement [28–30]. It has been explored
mostly in the semiclassical regime through studies of var-
ious models such as quantum kicked top [31–33], Bose-
Josephson junction [34–36], Dicke model [37–39], Bose-
Hubbard model [40–42], and so on. These studies are
beneficial not only for the fundamental understanding of
quantum-classical correspondence, but also for implica-
tions in quantum metrology where entanglement is used
as an important resource [43].
The chaotic behaviors, as an entanglement-generating
dynamics, have potential to enhance the measurement
precision. In a kicked top with a Dirac-delta driving, one
finds chaotic behaviors can be employed to realize a high-
precision parameter estimation according to the analysis
of quantum Fisher information (QFI) and Fisher infor-
mation (FI) [44]. The ultimate measurement precision
can be substantially enhanced by nonlinearly kicking the
spin during the parameter-encoding precession and driv-
ing it into a chaotic regime. However, despite its simplic-
ity, such a discontinuous driving is not easy to realize [45].
Periodically continuous time-dependent modulation al-
lows one to manipulate quantum system in a controlled
way, which is more feasible in experiments. For example,
a harmonically driven Bose-Josephson system is also a
suitable platform for studying quantum chaotic dynam-
2ics. This is what motivates us to propose a chaotic quan-
tum metrology scheme based on the harmonically driving
in Bose-Josephson system. Naturally, based on a driven
Bose-Josephson system, the following questions are wor-
thy for considering: (i) is it possible to utilize a more ex-
perimentally feasible continuous driving for chaotic gen-
eration and use it for entanglement-enhanced quantum
metrology? (ii) can the ultimate measurement precision
bound reach beyond the SQL? and (iii) can we find suit-
able realistic observable measurement for parameter es-
timation to demonstrate our scheme?
In this paper, we study the chaotic dynamics in a
harmonically driven Bose-Josephson system, and demon-
strate how to make use of the chaotic behaviors to achieve
a measurement precision beyond SQL. Unlike the con-
ventional parameter estimation schemes, we initialize the
system into a spin coherent state (SCS) and let it undergo
a chaotic dynamics governed by a parameter-dependent
Hamiltonian. During the time-evolution, not only an
entangled final state is generated via chaotic dynamics,
but also the estimated parameter is encoded into the fi-
nal state, which can effectively improve the measurement
precision. We employ a mean-field approximation to ar-
rive at classical Poincare´ sections and then identify the
parameter regime at which chaotic seas appear. Classical
chaos facilitates our search for its quantum counterparts,
such as linear entropy, fidelity and QFI. By appropriately
choosing the initial states, the scaling analysis of QFI re-
veals that chaos contributes to measurement precision
enhancement. More specifically, a sub-SQL N -scaling
can be extracted from FIs as well as half-population dif-
ference measurement.
This paper is organized as follows. In Sec. II, we briefly
describe the harmonically driven Bose-Josephson system.
In Sec. III, we show how to perform quantum parameter
estimation in the considered system. In Sec. IV, we derive
the approximate mean-field Hamiltonian in the classical
limit, and calculate the corresponding Poincare´ sections
to identify the locations of the chaotic seas with several
different system parameters. In Sec. V, under the guid-
ance of quantum counterparts, we verify that QFI, FIs
and half-population difference all exhibit an N -scaling
beyond the SQL in a wide parameter range. In Sec. VI,
we give a brief summary and discussion.
II. A HARMONICALLY DRIVEN
BOSE-JOSEPHSON SYSTEM
We are interested in a driven Bose-Josephson system
whose time-dependent Hamiltonian reads
Hˆ(t)/~ = Hˆ1 + Hˆ2(t), (1)
where the static term
Hˆ1 =
χ
N
Sˆ2z +BzSˆz, (2)
and the time-dependent driven term
Hˆ2(t) = Bx cosωtSˆx. (3)
Here, χ denotes the nonlinear interaction coupling
strength, Bz is the strength of the static longitudinal
magnetic field, and Bx cosωt represents a harmonically
driven transverse magnetic field with Bx and ω the mod-
ulation amplitude and frequency, respectively. N is the
total particle number of the system. Throughout the pa-
per, for convenience, we set ω = 2π and ~ = 1.
The Bose-Josephson system can be regarded as a spin-
J system comprising of N spin-1/2 particles with a
pseudospin length J = N/2. Generally, this system
can be realized by an ensemble of two-mode Bose con-
densed atoms [46]. In angular momentum representa-
tion, the collective angular momentum operators Sˆα with
α = x, y, z can be expressed in terms of Pauli operators,
Sˆα =
N∑
k=1
σˆ
(k)
α
2
, (4)
which satisfy the commutation relation
[Sˆα, Sˆβ ] = i~ǫαβγSˆγ . (5)
The corresponding collective spin operators are defined
as
Sˆx =
1
2 (bˆ
†
2bˆ1 + bˆ
†
1bˆ2), (6)
Sˆy =
1
2i (bˆ
†
2bˆ1 − bˆ†1bˆ2), (7)
Sˆz =
1
2 (bˆ
†
2bˆ2 − bˆ†1bˆ1), (8)
where bˆµ(bˆ
†
µ) is atom annihilation (creation) operator and
nˆµ = bˆ
†
µbˆµ is the occupation operator in mode µ. Nat-
urally, one can call Sˆz as the half-population difference
operator. {|J,mz〉} called as Dicke basis, are common
eigenstates of Sˆ2 and Sˆz with eigenvalues J(J + 1) and
mz. In the Dicke basis {|J,mz〉} with mz = −J,−J +
1, ..., J , arbitrary quantum states of the above Hamilto-
nian (1) can be written as |Ψ〉 =∑mz Cmz |J,mz〉, where
Cmz denotes the probability amplitude projecting onto
the basis |J,mz〉.
The Hamiltonian (1) is equivalent to the Hamiltonian
of a two-mode Bose-Hubbard model
HˆBH =
χ
4N
(nˆ2 − nˆ1)2 + Bz
2
(nˆ2 − nˆ1)
+
Bx cosωt
2
(
bˆ†2bˆ1 + bˆ
†
1bˆ2
) (9)
with N = 〈Nˆ〉 = 〈nˆ1 + nˆ2〉 representing the atom num-
ber N . Since
[
Nˆ, HˆBH
]
= 0, the total number of atoms
N is conserved. Experimentally, the Bose-Josephson sys-
tem (1) can be realized via a two-mode Bose-Hubbard
system consisting of trapping bosons in a double-well po-
tential [47–49].
When Bz = 0, the properties of ground states depend-
ing on the above Hamiltonian (1) are related to the inter-
play between transverse magnetic field Bx and the non-
linearity strength χ. Under the condition ω = 0, if sys-
tem is dominated by the transverse magnetic field Bx,
3the ground state is an SU(2) SCS. For a sufficient and
positive nonlinearity strength χ ≫ 0, the ground state
turns to |J, 0〉 for even N or 1√
2
(|J, 1/2〉+ |J,−1/2〉) for
odd N . While if the negative nonlinearity strength dom-
inates χ ≪ 0, two degenerate ground states |J, J〉 and
|J,−J〉 appear and any superposition of these two states
is a ground state, including the GHZ state 1√
2
(|J, J〉 +
|J,−J〉).
For ω 6= 0, the periodically driven system (1) respects
a discrete translation symmetry in time domain, Hˆ(t +
T ) = Hˆ(t) with a Floquet period T = 2π/ω. Tˆ is the
time-ordering operator, and the time-evolution operator
in a single period can be calculated as
Uˆ(T ; 0) = Tˆ exp
(
−i
∫ T
0
Hˆ(t)dt
)
≡ exp(−iHˆFT ).
(10)
The system stroboscopic dynamics at moments nT (n =
1, 2, ...) is governed by the time-averaged Hamiltonian
HˆF =
i
T
log Uˆ(T ; 0). (11)
So far, we map the time-dependent system (1) to a time-
independent one (11), and we can obtain the stroboscopic
time evolution from the static Hamiltonian HˆF . The
periodically modulated transverse magnetic field flexibly
controls the system behaviors. The interplay between
the nonlinearity strength and modulation amplitude may
generate the chaotic behaviors for a fixed modulation fre-
quency, which will be discussed later.
III. QUANTUM PARAMETER ESTIMATION
The longitudinal magnetic field causes a precession
about the z-axis. The strength of the longitudinal mag-
netic field Bz is the parameter we want to estimate.
Assuming other parameters are known, we are inter-
ested in the measurement precision of Bz. Generally,
quantum parameter estimation can be described by a
Positive-Operator Valued Measures (POVM) comprised
of a set of positive Hermitian operators Eˆ(xn), which
satisfy Eˆ(xn) ≥ 0 and
∑
n Eˆ(xn) = 1, and xn denotes n-
th measurement result of the measured observable Eˆ(xn).
Starting from an initial non-entangled state |ψ0〉, the sys-
tem can be driven to undergo chaotic dynamics while the
estimated parameterBz is encoded into the evolved state.
The entangled output state satisfies |ψf (Bz)〉 = Uˆ |ψ0〉
with the time-evolution operator
Uˆ = Tˆ exp
[
−i
∫ t
t0
Hˆ (t′) dt′
]
(12)
governed by the whole system (1). Here, Hˆ1 acts as
an OAT Hamiltonian which can be exploited to pre-
pare the squeezed states as well as encode the estimated
parameter Bz. At the same time, Hˆ2 rotates the sys-
tem around the x-axis with a continuous driving. Both
terms in the stroboscopic time evolution conspire to pro-
vide a high-precision measurement from an initial non-
entangled state.
By reading out the final state, the conditional proba-
bility of the measurement result xn given by estimated
parameter Bz yields
P (xn|Bz) = Tr
(
Eˆ(xn)|ψf (Bz)〉〈ψf (Bz)|
)
. (13)
The FI related to the conditional probability reads as
FI (Bz) =
∑
n
P (xn|Bz)
(
∂ ln [P (xn|Bz)]
∂Bz
)2
. (14)
For a given POVM, the Crame´r-Rao bound is expressed
as
∆Bz ≥ 1/
√
NFI , (15)
which gives the minimal achievable uncertainty of the es-
timated parameter with N times trials. FI represents
an ability to measure the parameter and instructs one
to enhance the measurement precision by maximizing it.
Maximizing the FI by trying all possible POVM, it is
known that, the ultimate measurement precision is lim-
ited by the quantum Crame´r-Rao bound
∆Bz ≥ 1/
√NFQ. (16)
The corresponding FI with the optimal POVM measure-
ment is called as QFI FQ. The QFI can be calculated
as
FQ (Bz) = 4
[〈
ψ′f |ψ′f
〉− ∣∣〈ψ′f |ψf〉∣∣2] (17)
where
∣∣∣ψ′f〉 = ∂|ψf 〉∂Bz denotes the derivative of final state
with respect to the estimated parameter Bz . Obviously,
the QFI is only depends on the final state as well as its
derivative.
IV. MEAN-FIELD APPROXIMATION
The initial SCS reads in the Dicke basis as
|J, θ, φ〉 =
J∑
mz=−J
√(
2J
J −mz
)
sin(θ/2)J−mz
× cos(θ/2)J+mzei(J−mz)φ|J,mz〉
(18)
with θ and φ as the polar and azimuthal angles respec-
tively. First, we should know the conditions for generat-
ing chaos and then we try to perform the measurement
by using the chaotic behaviors. To study the proper-
ties of chaos, we employ the mean-field theory to obtain
a classical Hamiltonian equation. We then examine its
4Poincare´ sections, especially for identifying the parame-
ter regime at which chaotic behaviors appear. We con-
sider Hamiltonian (9). In the semiclassical limit N →∞,
the whole system is dominated by the condensed atoms
and can be approached via the mean-field approximation,
i.e., bˆµ ≈ ψµ, bˆ†µ ≈ ψ∗µ, with ψµ =
〈
bˆµ
〉
, ψ∗µ =
〈
bˆ†µ
〉
. The
total particle number |ψ1|2+ |ψ2|2 = N is conserved. Ap-
plying the mean-field approximation, the classical Hamil-
tonian equation is written as
HMF =
χ
4N
(n2 − n1)2 + Bz
2
(n2 − n1)
+
Bx cosωt
2
(ψ∗1ψ2 + ψ
∗
2ψ1) .
(19)
Substituting the mean-field Hamiltonian into the equa-
tion
i~
dψµ(t)
dt
=
∂HMF
∂ψ∗µ(t)
, (20)
the two coupled differential equations yield
i
dψ1
dt
=− Bz
2
ψ1 +
χ
2N
(
|ψ1|2 − |ψ2|2
)
ψ1 +
Bx cosωt
2
ψ2,
i
dψ2
dt
=+
Bz
2
ψ2 +
χ
2N
(
|ψ2|2 − |ψ1|2
)
ψ2 +
Bx cosωt
2
ψ1.
(21)
The complex amplitudes can be expressed as ψµ =√
nµ exp (iφµ) in terms of the particle number nµ = ψ
∗
µψµ
and the phase φµ. Due to two degrees of freedom lied in
system, one can further set up two canonical variables,
the fractional population imbalance z = n1−n2
N
= cos θ
and the relative phase φ = φ1 − φ2. The equations of
motion in parameter space (φ, z) are given as
dφ
dt
= zχ− zBx cosωt√
1− z2 cosφ−Bz,
dz
dt
= Bx cosωt
√
1− z2 sinφ.
(22)
We numerically obtain the Poincare´ sections by record-
ing the phase space locations at each integer multiple of
period T .
The mean-field approach enables us to locate param-
eter regimes at which chaotic and regular regions coex-
ist or chaotic behaviors dominate. Once such parameter
regimes are identified, we then explore the difference be-
tween initial states locating in different regions. Through
plotting the Poincare´ sections, we get the trajectory of
the system up to 500 periods for different transverse mag-
netic field strengths Bx: 0, 1.5, 3 and 5.5, as depicted in
Fig. 1. Here, the particle number is N = 1000, the lon-
gitudinal magnetic field strength is Bz = π/2 and the
nonlinearity strength is χ = 10.
In the absence of the transverse magnetic field, the
regular behaviors perfectly emerge in the whole phase
space, see Fig. 1 (a). Once the transverse magnetic field
is added, in addition to the regular behaviors, the chaotic
FIG. 1. Poincare´ sections governed by Eq. (22) at different
strengths of the transverse magnetic field: (a) Bx = 0, (b)
Bx = 1.5, (c) Bx = 3 and (d) Bx = 5.5. The other parameters
are chosen as N = 1000, χ = 10 and Bz = pi/2.
behaviors also appear, see Fig. 1 (b). When Bx in-
creases further, the chaotic regions enlarge while the reg-
ular regions shrink, see Fig. 1 (c). Until to a sufficiently
large Bx = 5.5, the chaotic regions nearly dominate, see
Fig. 1 (d). In addition, we note that these Poincare´ sec-
tions are almost symmetric about the line φ = π, and it
allows us to just concentrate on its left part.
V. FULL QUANTUM APPROACH
The chaotic behaviors are closely related to the entan-
glement generation. We devote to seek suitable quantum
counterparts to find the connections to the corresponding
chaos. Then, we also calculate the corresponding QFI,
which can be used as a measure for the precision bounds
of estimated parameter. We find that, after a long-time
evolution, the QFI for the chaotic region will be much
larger than the one for the regular region. Furthermore,
by choosing initial coherent states in different regions,
we evaluate the scalings of QFI versus evolution time t
and total particle number N . The scaling of QFI with
chaotic dynamics can exceed the SQL. To demonstrate
our scheme from the perspective of experimental realiza-
tion, for the case of mostly chaotic phase space, we also
analyze the scalings of practical observables, such as FI
and half-population difference.
A. In mixed phase space
First, we study the quantum counterparts of classical
phase space in which chaotic regions coexist with regu-
5lar regions and analyze the scalings of QFI. Due to the
symmetry of Poincare´ section about the line φ = π, it is
reasonable to just take into account the case for φ ranging
from 0 to π, as shown in Fig. 2 (a). In order to explore the
whole evolution of quantum counterparts, all points in
the Poincare´ section are taken as initial states to evolve.
Numerically, we deal with the time-evolution operator
Uˆ(T ; 0) by a series of discrete time steps δt = T/1000,
and then let system evolves in time domain with a period-
averaged propagator.
FIG. 2. (a) Poincare´ section as a function of θ, φ correspond-
ing to Fig. 1 (b). (b)-(d) Its corresponding phase space dis-
tributions of linear entropy, fidelity and QFI in the quan-
tum setting exemplarily for system with large particle num-
ber (N = 1000) up to t = 215T . The other parameters are
chosen as χ = 10, Bx = 1.5 and Bz = pi/2. Marks labeled in
(d) are chosen as initial parameters in Fig. 3.
Entropy, as a pure quantum resource, is a powerful
bridge between classical and quantum worlds. The linear
entropy characterizes the entanglement between a single
particle and the rest of the system defined as
S(nT ) =
1
2

1−
〈
Sˆx
〉2
+
〈
Sˆy
〉2
+
〈
Sˆz
〉2
J2

 (23)
at the stroboscopic time nT (n = 1, 2, ..., N). The lin-
ear entropy nicely reproduces a similar structure to the
Poincare´ section, in which high entropy in chaotic region
while low one in regular region, see Fig. 2 (b). From the
analysis of the linear entropy, we know the entanglement
tends to increase by means of chaos.
The fidelity is given as
F (nT ) = 〈ψ(0)|ψ(nT )〉|2, (24)
which is used to quantify how much information remains
in the time-evolved state |ψ(nT )〉 comparing to the initial
state |ψ(0)〉. A good quantum-classical correspondence
is exhibited via fidelity, see Fig. 2 (c). Initial SCS located
on chaotic region tends to undergo an ergodic dynamics,
FIG. 3. QFI with respect to t and N for different initial
parameters. (a) The stroboscopic evolution of QFI up to 215
periods with a system size N = 1000. Fits exhibit a slope
of 1.97 (chaotic sea), 2 (edge state) and 2.02 (regular island)
for t-scaling. (b) QFI for different N with a fixed evolution
time t = 215T . Fits exhibit a slope of 2.14 (chaotic sea), 2.22
(edge state) and 0.84 (regular island) for N-scaling. The other
parameters are chosen as χ = 10, Bx = 1.5 and Bz = pi/2.
Gray line and black dashed line represent the SQL and HL,
respectively.
thus losing a lot of local information in final state with
a low fidelity. Whereas for the initial state in regular re-
gion, the system remains a relatively high fidelity after
a periodic dynamics. The linear entropy and fidelity not
only both establish a good correspondence between the
quantum dynamics and classical phase space, they also
present a complementary relationship, that is, high en-
tropy matches low fidelity and low entropy corresponds
to high fidelity.
The generated entanglement can be exploited for
metrology, which explains how chaos contributes to the
enhancement of measurement precision. More directly,
we calculate the corresponding QFI, which is closely
related to quantum parameter estimation according to
Eq. (16). The similar structure reflects that the classical
dynamics of the system has an excellent correspondence
with the quantum dynamics of QFI, in Fig. 2 (d). Af-
ter a long-time evolution, final QFIs arising from initial
states in chaotic or regular regions are obviously different.
Chaotic sea takes on a large QFI while the regular island
possesses a relatively small QFI. Remarkably, the bound-
ary between the chaotic sea and regular island (called as
edge state) has a larger QFI. We name these three typi-
cal regions as chaotic sea (circle), edge state (cross) and
regular island (triangle), which are marked in Fig. 2 (d).
The distributions in Bloch sphere of final states reveal
an ergodic dynamics for chaotic sea or edge state and a
localized dynamics for regular island (see Appendix A for
more details). It is shown that, the linear entropy, fidelity
and QFI can all be used as counterparts for quantum-
classical correspondence. In comparison with the clas-
sical Poincare´ section, these quantum counterparts can
not only distinguish regular and chaotic regions, but also
present a much richer results by quantifying the chaos
from different perspectives. The particle number has in-
fluence on the value of these three quantum counterparts,
and a scaling analysis is exhibited in Appendix B.
6In order to investigate the role of initial SCS in pa-
rameter estimation, still within the mixed phase space,
we adopt the initial parameters in different regions in
Fig. 2 (d) to explore their differences, from the perspec-
tive of QFI. In Fig. 3, different marks correspond to the
different states initially prepared in the locations shown
in Fig. 2 (d). Fig. 3 (a) shows, beginning from a mod-
erate evolved time, QFI does still increase with t and
shows a nearly quadratic t-scaling for chaotic, edge and
regular initial situations. When initial state locates on
chaotic sea (red circle) or edge state (blue cross), QFI
evolves with time between SQL and HL, while for the
initial state locating within a regular island (yellow tri-
angle), QFI evolves below the SQL. In addition, we note
that edge state is superior to chaotic sea all the time. The
evolved time as a resource is able to improve its value of
QFI. For a fixed evolution time t = 215T , Fig. 3 (b) re-
flects that the N -scaling of QFI is sensitive to the initial
states.
Besides the early decay in regular region, QFIs increase
with the particle number N for chaotic, edge and regular
situations. The numerical results reveal that initial state
in the chaotic sea performs best for small N , while for
larger system size (N > 100) edge state performs best.
Fits for three different initial states take on a slope of 2.14
(chaotic sea), 2.22 (edge state) and 0.84 (regular island)
for the N -scaling. Both N -scalings for edge state and
chaotic sea can approach even better than HL. While for
the initial state in regular island fails to beat the SQL. It
is indicated that, chaos as a kind of resource, allows one
to attain a high-precision measurement beyond SQL.
B. In fully chaotic regime
According to the scaling analysis in the mixed phase
space, we know that chaotic behaviors can play an im-
portant role for quantum parameter estimation. We nat-
urally turn to the fully chaotic regime, and evaluate the
scalings for QFI with respect to t andN . In particular, as
the system enters a full chaos, the information about ini-
tial SCS is rapidly lost. Therefore the initial SCS can be
chosen in anywhere without changing much the QFI, the
situation is markedly different from the case of a mixed
phase space.
Below we focus on phase space of QFI in which its
classical counterpart displays fully chaotic behaviors cor-
responding to Fig. 1 (d). Independent of the details
of the initial state, we randomly choose the initial pa-
rameters θ = 2.423, φ = 1.126. In the fully chaotic
case (χ = 10, Bx = 5.5 and Bz = π/2), the numeri-
cal results in Fig. 4 (a) depict a time evolution of QFI.
QFI drastically increases during a short evolution time
(t ≃ 3T ) and behaves similarly at three different system
sizes: N = 500, 1000, 2000. For a large N , QFI is more
sensitive to the early time. In order to further explore the
influence of the evolution time, we consider system size
N = 1000 and plot QFI as the system size N is varied
in Fig. 4 (b) for different evolution times: t = 3T , 10T ,
200T , 1000T and 10000T . Other parameters agree with
the Poincare´ section shown in Fig. 1 (d). Fig. 4 (b) re-
veals the N -scaling for QFI nearly achieves HL for short
evolution time (t ≃ 3T ), then gradually decays to SQL
with increasing evolution time.
FIG. 4. (a) QFI as a function of stroboscopic evolution time
with different system sizes N=500 (solid line), 1000 (dashed
line) and 2000 (dotted line). (b) QFI as a function of system
sizes for different evolution time. Fits exhibit slopes 1.88 (t =
3T ), 1.87 (t = 10T ), 1.63 (t = 200T ), 1.35 (t = 1000T ) and
1.31 (t = 10000T ) for N-scaling. The initial state locates on
θ = 2.423, φ = 1.126. The other parameters are chosen as
χ = 10, Bx = 5.5 and Bz = pi/2.
FIG. 5. (a) QFI and FIs of collective spin operator Sˆx, Sˆy
and Sˆz for various nonlinearity strengths χ. The system size
is chosen as N = 500. (b) QFI and FIs as a function of N for
a fixed χ = 17.1. Fits exhibit slopes 1.84 (FQ), 1.79 (FIx),
1.84 (FIy) and 1.99 (FIz) for N-scaling. The initial state
locates on θ = 2.423, φ = 1.126 and evolution time is t = 3T .
The other parameters are chosen as Bx = 5.5 and Bz = pi/2.
Gray line and black dashed line represent the SQL and HL,
respectively.
In principle, QFI corresponds to the optimal POVM
measurement and just mathematically sets the ultimate
bound of the measurement precision, but it may not al-
ways be realistic. To approach the precision bounds set
by QFI, we specify a feasible measurement, i.e., FI (14).
Starting from a given initial state |J, θ, φ〉, where θ and
φ signify the position of the SCS, the estimated pa-
rameter Bz is encoded into the evolved state during
a stroboscopic evolution. The Dicke basis {|J,mα〉}
comprises of the common eigenstates of Sˆ2 and Sˆα for
mα = −J,−J + 1, ..., J with α = x, y, z. The ob-
tained final state can be written in the Dicke basis as
7|ψf 〉 =
∑J
mα=−J Cmα(Bz)|J,mα〉. The conditional prob-
abilities related to the collective spin operator Sˆα can be
calculated as P (mα|Bz) = |Cmα (Bz)|2, and its FI is de-
fined as
FIα (Bz) =
∑
mα
1
|Cmα (Bz)|2
(
∂ |Cmα (Bz)|2
∂Bz
)2
. (25)
FIG. 6. (a) FIs as a function of estimated parameter. The
system size is N = 1000. (b) A ln(FI)-ln(N) scaling analysis
for the optimal Bz corresponding its maximum FI in (a). The
initial state locates on θ = 2.423, φ = 1.126 and evolution time
is t = 3T . The other parameters are chosen as χ = 17.1 and
Bx = 5.5. Gray line represents the SQL.
Due to the important role of nonlinearity strength χ
in chaotic behaviors, we also devote to calculate the QFI
and FI versus χ to find out the suitable χ. Based on
the aforementioned experience in Fig. 4, we consider the
system size N = 500 and perform time evolution up to
t = 3T . Moreover, other parameters are the same as
those in Fig. 4. By calculating the FIs related to collec-
tive spin operators Sˆx, Sˆy and Sˆz, we attain a sensitivity
over SQL in a certain region of nonlinearity strength χ
but always below its QFI, see Fig. 5 (a). It allows us to
identify the optimal nonlinearity strength locating in the
vicinity of χ = 17.1. Then, we hope to verify that the ob-
tained parameter regime indeed respects the anticipated
scaling beating the SQL. By further setting χ = 17.1,
we numerically obtain the scaling of QFI and FIs with
respect to N . The N -scaling regarding QFI and FIs ob-
viously beyond the SQL and near HL shown in Fig. 5 (b).
Depending on known results in Fig. 5, we further an-
alyze the optimal estimated parameter Bz as well as
its achievable scaling at a fixed nonlinearity strength
χ = 17.1. We consider N = 1000 and other parameters
the same as those in Fig. 5. In Fig. 6 (a), one can see
that FIs with increasing Bz all exhibit a similar behavior
as it gradually rises to a maximum value, then gradu-
ally decays under the SQL, and finally tends to a small
oscillation. FIs outperform the SQL in a broad range
(0 ≤ Bz ≤ 2.8), which includes the above discussed value
Bz = π/2. Furthermore, we perform a scaling analysis
to confirm that the obtained estimated parameter regime
indeed shows the anticipated scaling to improve the mea-
surement precision. The system size spans from N = 100
to N = 1000, and we choose the optimal Bz correspond-
ing to the maximum FI in Fig. 6 (a). These fits yield
a slope of 1.84 (FIx), 1.91 (FIy), and 1.93 (FIz) for N -
scaling, all nearly reach the HL, see Fig. 6 (b).
FIG. 7. (a)-(c) The expectative value of half-population dif-
ference operator as well as its square and the corresponding
parameter uncertainty for different estimated parameters Bz.
The system size is chosen as N = 1400. (d) A ln(∆2Bz)-
ln(N) scaling analysis for the optimal estimated parameter
Bz corresponding the minimum ∆Bz in (c). The system size
takes value from N = 600 to 1400. The initial state locates
on θ = 2.423, φ = 1.126 and evolution time is t = 3T . The
other parameters are chosen as χ = 17.1 and Bx = 5.5.
Finally, we proceed to carry out quantum precision
calculations by half-population difference measurement.
According to the error propagation formula,
∆Bz =
(∆Oˆ)f∣∣∣∂〈Oˆ〉f/∂Bz∣∣∣ , (26)
where Oˆ and 〈Oˆ〉f = 〈ψf |Oˆ|ψf 〉 respectively denote an
arbitrary observable as well as its expectation value onto
the final state |ψf 〉. The corresponding standard devia-
tion is given as (∆Oˆ)f =
√〈
ψf
∣∣∣Oˆ2∣∣∣ψf〉− 〈ψf |Oˆ|ψf〉2.
We choose the half-population difference Sˆz as the ob-
servable, which is easy to implement in experiments.
Figs. 7 (a) and (b) manifest the estimated parameter
dependence of 〈Sˆz〉 and 〈Sˆ2z 〉 for N = 1400, t = 3T ,
χ = 17.1 and Bx = 5.5. Note that, the initial state is
still stabilized at θ = 2.423, φ = 1.126. A sharp chang-
ing of observable Sˆz about parameter Bz contributes to
the parameter precision. Unlike the irregular form when
Bz lies in small values, the expectative values of 〈Sˆz〉
and 〈Sˆ2z 〉 present relatively regular oscillations until to
a moderate strength, which has potential to effectively
estimate Bz .
8The standard deviation of the estimated parameter as-
sociated by Sˆz shown in Fig. 7 (c) yields a a mess at the
beginning, while a regular form arises as the increasing
of Bz. After extracting the optimal Bz for a minimum
∆Bz in Fig. 7 (c), we evaluate the corresponding uncer-
tainty scaling ∆2Bz versus N . Taking value of particle
number from N = 600 to 1400, a ln(∆2Bz)-ln(N) scaling
analysis is shown in Fig. 7 (d), where the slope is found
to be -1.41, beating the SQL.
We provide numerical evidences that ultimate achiev-
able precision strictly outperforms the optimal classical
strategy via the chaotic dynamics scheme. Our scheme
can be demonstrated in experiments. Not only a high-
precision parameter estimation can be realized via the
FIs, but also a N -scaling beyond SQL appears via the
half-population difference measurement.
VI. SUMMARY AND DISCUSSION
Based on a driven Bose-Josephson system, we propose
a dynamic high-precision measurement scheme, which
generates quantum entanglement via chaos and simul-
taneously encodes the parameter to be estimated. Our
scheme not only overcomes the challenges of entangled
state preparation, but also utilizes the most of temporal
resources. For the first time to our knowledge, we build
a completely quantum-classical correspondence between
the classical Poincare´ section and three observables: the
linear entropy, the fidelity and the QFI. Remarkably,
these three quantum counterparts well reflect the coexis-
tence of chaotic and regular dynamics from different per-
spectives. Further, we respectively extract three typical
initial states in the mixed phase space in which chaotic
behavior and regular one coexist to explore the scaling
properties. The scaling analysis in mixed phase space
instructs us to enhance the parameter estimation preci-
sion via the chaotic dynamics. Then we turn to a fully
chaotic case to investigate the corresponding QFI and
FIs satisfying scalings beyond the SQL. Not limited to
the QFI and FIs, we also harvest a scaling beating the
SQL via a feasible observable, half-population difference
measurement.
We have demonstrated that chaotic dynamics con-
tributes to the precision of estimated parameter in a
closed system. However, decoherence, such as dephas-
ing and dissipation, is an important ingredient in realis-
tic systems and it is meaningful to extend our scheme
to open systems. In practice, many physical systems
face the simultaneous multi-parameter estimation, such
as spectroscopy, electromagnetic field sensing and gravi-
tational wave field detection, it is worthy to apply chaotic
dynamics into these existing systems.
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Appendix A: State distribution in Bloch sphere
The distribution in Bloch sphere provides a natural
way to display the state difference. Based on three dif-
ferent initial parameters labeled in Fig. 2 (d), after a long
time-evolution up to t = 215T , the obtained final state
as well as its density matrix are described by |ψf 〉 and
ρ = |ψf 〉〈ψf |, respectively. One can project the final
state |ψf 〉 into the Q representation
Q(θ, φ) =
2J + 1
4π
〈θ, φ|ρ|θ, φ〉, (A1)
then vividly takes on the generalized Bloch sphere, see
Fig. 8. The initial states in chaotic region and edge re-
gion are scrambled into the entire system and lost its
local information during the process of quantum chaos,
as shown in Figs. 8 (a) and (b), respectively. Comparing
to chaotic regime, the distribution of final state launched
from a regular island is restricted within this stability
island, see Fig. 8 (c). A discrepancy is evident for both
the regular and chaotic initial SCS.
FIG. 8. A distribution comparison of different final states,
occurring for different initial states labeled in Fig. 2 (d). Dif-
ferent from the widely spreading in generalized Bloch sphere
for chaotic sea in (a) and edge state in (b), the regular dy-
namics is restricted in a localized region for regular island in
(c).
Appendix B: Size scaling analysis
The phase spaces in quantum setting focus on the
finite-N systems, as shown in Figs. 2 (b)-(d). To investi-
gate the size scaling analysis more intuitively, we extract
all points on the line φ = π in Fig. 2 (b) as initial states
for numerical simulation, and calculate the linear entropy
as function of θ in Fig. 9. It can be clearly observed that
the minimum of linear entropy corresponds to the clas-
sic fixed point in the regular region, while its maximum
corresponds to the region with the strongest chaos in the
9FIG. 9. The size scaling analysis about linear entropy versus
polar angle is performed with the large accessible system size
N = 500 (solid line), 1000 (dashed line) and 2000 (dotted
line).
classical phase space. The different system sizes are de-
noted as different symbols. A transition from regions of
high linear entropy to low one becomes more stark with
increasing system size, making the discrepancy between
chaotic and regular region more abruptly.
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